Abstract: We theoretically investigated using continuous-variable Bell-type inequalities in a multiparty configuration using an optical parametric oscillator which has been synchronouslypumped with a frequency comb. We find violation is possible.
Introduction
Bell's inequalities allow us to unambiguously (under certain reasonable assumptions) divide phenomena into two types: those that are describable with local-realistic probability theories, and those that must be described with the wider probability space of quantum mechanics [1] . This is important not only because of its deep philosophical implications, but also because systems that behave quantum-mechanically may be utilized for technologies in-principle more powerful than their classical counterparts, such as metrology [2, 3] , cryptography [4] , and computation [5] .
Of the several approaches to quantum computing, one that has received a significant amount of attention is the so-called "measurement-based" (MBQC) or "cluster-state" approach [6] . A further modification of MBQC is found when we allow the modes that comprise the initial, highly-entangled, state to take continuous-variable values [7] , such as the p anduadrature modes of an electromagnetic field. We will consider such fields in the optical domain in this paper. Continuous-variable MBQC (CV-MBQC) relies on the ability to generate very large, highly-entangled states between thousands or millions of physical modes. This is a difficult task but a promising approach is to use a device called a "synchronously-pumped optical parametric oscillator" (SPOPO) to generate the required states. Such a device takes the output of a frequency comb and uses it as the pump for an optical parametric oscillator. This process, in principle, entangles every frequency "tooth" of the comb with every other -to varying degrees.
Description of the System
The experimental setup we consider for theoretical study consists of a combination of many optical devices. The whole contraption is depicted in Figure 1 . A frequency comb is used as the pump in an optical parametric oscillator. Before the OPO a portion of the pump is shunted off with a beam-splitter to be pulse-shaped by two independent pulse shapers. Each pulse shaper consists of a diffraction grating (which maps the frequency domain to the spatial domain), a spatial light modulator (which then applies a pre-programmed phase and amplitude modulation to each segment of the frequency domain, thus shaping the pulse as a whole in an arbitrary and controllable manner), and a second diffraction grating which erases the position information and reconstructs the pulse.
One of these pulse-shaped beams is then used as a "gate" in a photon subtraction stage. The output of the SPOPO is fed into one of the input modes of a sum-frequency-generation crystal, while the gate beam is fed into the other. The detection of an up-converted photon in the heralding mode after the crystal then indicates that a photon was subtracted from both modes. Significantly, it can be guaranteed that the photon was subtracted coherently from the combination of frequency modes present in the gate beam -therefore a photon may be subtracted from the SPOPO pulse in any mode including those of the supermode basis. The photon-subtracted SPOPO mode is then shone on a diffraction grating which fans the light out onto a detector with a resolution of between two and sixteen pixels. Each pixel mode of the SPOPO output is paired with an equivalent segment of the homodyne pulse. These modes are then coarse-grained in the same manner as the SPOPO mode and then each of these resultant modes is subjected to a phase shift as dictated by the desired local-realistic inequality and detection protocol. The mathematical description follows the analysis of Ref. [8] and from Ref. [9] . Then, in the two-party case, we divide the detector into two coarse-grained frequency modes and utilize the standard CHSH inequality.
Results
We find that -for the two party case -the system is capable of a higher violation than has been shown previously in the analysis of simpler systems. Though this is promising it is still likely below what could be distinguished experimentally (high efficiency is no guarantee of a high signal-to-noise). We also analyze the four-party case. What we find is a massive parameter space which is, at least, very computationally intensive to search. We consider the simplest and most direct cases and find that no violation is possible. We stress that this is merely in the sections of that space that are easily search-able, and that violations are likely in other regions, though determining which regions these are is highly non-trivial. Full results are reported in Ref. [10] . We hope that this work stimulates further, more-intensive searches of this parameter space.
